The determination of the uncertainty measures of multidimensional quantum systems is a relevant issue per se and because these measures, which are functionals of the single-particle probability density of the systems, describe numerous fundamental and experimentally accessible physical quantities. However, it is a formidable task (not yet solved, except possibly for the ground and a few lowest-lying energetic states) even for the small bunch of elementary quantum potentials which are used to approximate the mean-field potential of the physical systems. Recently, the dominant term of the Heisenberg and Rényi measures of the multidimensional harmonic system (i.e., a particle moving under the action of a D-dimensional quadratic potential, D > 1) has been analytically calculated in the high-energy (i.e., Rydberg) and the high-dimensional (i.e., pseudoclassical) limits. In this work we determine the exact values of the Rényi uncertainty measures of the D-dimensional harmonic system for all ground and excited quantum states directly in terms of D, the potential strength and the hyperquantum numbers.
I. INTRODUCTION
The Rényi entropy of the probability density ρ( r), r = (x 1 , . . . , x D ), which characterizes the quantum state of a D-dimensional physical system is defined [1, 2] as
where the symbol W q [ρ] denotes the frequency or entropic moment of order q of the density given by
These quantities completely characterize the density ρ( r) [3, 4] under certain conditions. They quantify numerous facets of the spreading of the quantum probability density ρ( r), which include the intrinsic randomness (uncertainty) and the geometrical profile of the quantum system. The . Moreover for the special cases q = 0, 1, 2, and ∞, the Rényi entropic power, N q [ρ] = e Rq [ρ] , is equal to the length of the support, e − ln ρ , ρ −1 , ρ −1 max , respectively. Therefore, these q-entropies include the Shannon entropy [7] , S[ρ] = lim p→1 R p [ρ] = lim p→1 T p [ρ] , and the disequilibrium, ρ = exp(−R 2 [ρ]), as two important particular cases; in addition, they The use of Rényi, Shannon and Tsallis entropies as measures of uncertainty allow a wider quantitative range of applicability than the Heisenberg-like measures which are based on the moments around the origin (so, including the standard or root-square-mean deviation). This permits, for example, a quantitative discussion of quantum uncertainty relations further beyond the conventional Heisenberg-like uncertainty relations [9] [10] [11] [12] [13] [14] [15] . The properties of the Rényi entropies and their applications have been widely analyzed; see e.g. [16] [17] [18] and the reviews [9, 19, 20] .
In general, the Rényi entropies of quantum systems cannot be determined in an exact way, basically because the associated wave equation is generally not solvable in an analytical way.
Even when the time-independent Schrödinger equation is solvable, what happens for a small set of elementary potentials (zero-range, harmonic, Coulomb) [21, 22] , the exact determination of the Rényi entropies is a formidable task mainly because they are integral functionals of some special functions of applied mathematics [23] (e.g., orthogonal polynomials, hypergeometric functions, Bessel functions,...) which control the wavefunctions of the stationary states of the quantum system. These integral functionals have not yet been solved for harmonic (i.e., oscillator-like) systems except for a few lowest-lying states (where the calculation is trivial) and, most recently, for the extreme Rydberg (i.e., highest-lying) [24] [25] [26] and pseudoclassical (i.e., the highest dimensional) [15, 27, 28] states of harmonic and Coulomb systems by means of sophisticated asymptotical techniques of orthogonal polynomials. This lack is amazing because harmonicity is the most frequent and useful approximation to study the quantum many-body systems, and the other two basic classes of uncertainty measures, the Heisenberg-like measures [29] [30] [31] [32] [33] [34] [35] [36] and the Fisher information [37] , have been already calculated for all stationary states of the multidimensional harmonic system.
In this work we determine the exact values of the Rényi uncertainty measures of the Ddimensional harmonic system (i.e., a particle moving under the action of a quadratic potential) for all ground and excited quantum states directly in terms of D, the potential strength and the hyperquantum numbers which characterize the states. This is a far more difficult problem than the Heisenberg-like and Fisher information cases, both analytically and numerically. The latter is basically because a naive numerical evaluation using quadratures is not convenient due to the increasing number of integrable singularities when the principal hyperquantum number is increasing, which spoils any attempt to achieve reasonable accuracy even for rather small hyperquantum numbers [38] .
The structure of the manuscript is the following. In section II the wavefunctions and the probability densities of the stationary states of the D-dimensional harmonic (oscillator-like) system are briefly described in both position and momentum spaces. In section III the Rényi entropies for all the ground and excited states of this system are determined in an analytical way by use of a recently developed methodology [39] . Finally some conclusions and open problems are given.
II. THE D-DIMENSIONAL HARMONIC PROBLEM
In this section we summarize the quantum-mechanical D-dimensional problem corresponding to the harmonic oscillator potential
and we give the probability densities of the stationary quantum states of the system in both position and momentum spaces. The stationary bound states of the system, which are the physical solutions of the Schrödinger equation
(we use atomic units throughout the paper) where ∇ D denotes the D-dimensional gradient operator, are well known [40] [41] [42] to be characterized by the energies
where
n i with n i = 0, 1, 2, . . .
The corresponding eigenfunctions can be expressed as
where r ∈ R D and N stands for the normalization constant
, and H n (x) denotes the Hermite polynomials of degree n orthogonal with respect the weight function
Then, the associated quantum probability density in position space is given by
and the density function in momentum space is obtained by squaring the Fourier transform of the position wavefunction, obtaining
where p ∈ R D and the normalization constant is
.
III. RÉNYI ENTROPIES OF THE HARMONIC SYSTEM
Let us now determine the Rényi entropy of the D-dimensional harmonic system according to
Eqs. (1)- (2) by
where we have used Eq. (7). To calculate these D integral functionals of Hermite polynomials we will follow the 2013-dated technique (only valid for q ∈ N other than unity) [5, 6, 39] to evaluate similar integral functionals of hypergeometric orthogonal polynomials by means of multivariate special functions. To do so, first we express the Hermite polynomials in terms of the Laguerre polynomials (see e.g., [43] ) as
which allows to write
with the constant
and the paramater ν = 0(1) for even(odd) n; that is, ν = 1 2 (1 − (−1) n ) . Following the same steps as in [39] , after the change of variable t i = αqx 2 i in (9), one obtains the following linearization relation for the (2q)-th power of the Hermite polynomials
with
where ( 
Now, the combination of Eqs. (9) and (12) together with the orthogonalization condition of the Hermite polynomials H n (x) (with which one realizes that all the summation terms vanish except the one with i = 0), allows one to write the exact Rényi entropy of the harmonic system as
where the symbol F q (n) denotes the following Lauricella function of 2q variables
Note that, as ν−n 2 is always a negative integer number, the Lauricella function simplifies to a finite sum. In the following, for convenience, we use the notation 
where 
In fact, this ground state Rényi entropy holds for any q > 0 as one can directly derive from Eq.
(9). Taking into account that the momentum density is a re-scaled form of the position density,
we have the following expression for the associated momentum Rényi entropy,
(q ∈ N). Although Eqs. (18) and (20) rigorously hold for q = 1 and q ∈ N only, it seems reasonable to conjecture its general validity for any q > 0, q = 1 provided the formal existence of a generalized function F q (n). If so, we obtain the general expression for the position-momentum uncertainty Rényi entropic sum as
which verifies the Rényi-entropy-based uncertainty relation of Zozor-Portesi-Vignat [13] when 1 q + 1 q ≥ 2 for arbitrary quantum systems. In the conjugated caseq = q * such that
Let us finally remark that the first term corresponds to the sharp bound for the general Rényi entropy uncertainty relation with conjugated parameters
of Bialynicki-Birula [11] and Zozor-Vignat [12] . 
